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NATURAL CONNECTION WITH TOTALLY SKEW-SYMMETRIC
TORSION ON ALMOST CONTACT MANIFOLDS WITH
B-METRIC
MANCHO MANEV
Abstract. A natural connection with totally skew-symmetric torsion on al-
most contact manifolds with B-metric is constructed. The class of these man-
ifolds, where the considered connection exists, is determined. Some curvature
properties for this connection, when the corresponding curvature tensor has
the properties of the curvature tensor for the Levi-Civita connection and the
torsion tensor is parallel, are obtained.
1. Introduction
The natural connections with totally skew-symmetric torsion (also known as
Ka¨hler with torsion (shortly, KT -) connections or Bismut connections) are of par-
ticular interest in the string theory [23] and in the Hermitian geometry [3]. The
KT-geometry is a natural generalization of the Ka¨hler geometry, since when the
torsion is zero the KT-connection coincides with the Levi-Civita connection. The
KT-structures with a closed torsion 3-form (i.e. the so-called strong KT-structures)
on a Hermitian manifold have been recently studied by many authors and they have
also applications in type II string theory and in 2-dimensional supersymmetric σ-
models [8, 14, 23].
The connections with totally skew-symmetric torsion arise in a natural way in
theoretical and mathematical physics. According to [9, 5], there exists a unique
KT-connection on any Hermitian manifold. In [5] and [6] all almost contact met-
ric, almost Hermitian and G2-structures admitting a connection with totally skew-
symmetric torsion tensor are described. On almost complex manifolds with Norden
metric such a connection is introduced and investigated in [20, 21, 22].
A quaternionic analog of Ka¨hler geometry is given by the hyper-Ka¨hler with tor-
sion (shortly, HKT -) geometry. An HKT-manifold is a hyper-Hermitian manifold
admitting the so-called HKT-connection – a hyper-Hermitian connection with to-
tally skew-symmetric torsion, i.e. for which the three KT-connections associated
to the three Hermitian structures coincide. This geometry is introduced in [13]
and later studied for instance in [10, 4, 1, 2, 24]. As an analogue of the known
Hermitian structure on an almost hypercomplex manifold it is introduced and in-
vestigated an almost hypercomplex manifold with Hermitian and anti-Hermitian
metrics in [11, 12, 17, 19]. On these manifolds with a metric structure, generated
by a pseudo-Riemannian metric of neutral signature, a connection of the type of
the HKT-connection is defined and investigated in [18].
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The goal of the present work is a consideration of a similar problem of existence
of connections of KT-type on almost contact manifolds with B-metric. Our hope is
that the wide application of these connections on the several manifolds mentioned
above will be extended to manifolds in this case.
In this paper we consider a natural connection D (i.e. preserving the structure)
with totally skew-symmetric torsion tensor on almost contact manifolds with B-
metric. These manifolds are the odd-dimensional extension of the almost complex
manifolds with Norden metric and the case with indefinite metrics corresponding
to almost contact metric manifolds.
In Section 2 we give some necessary facts about the considered manifolds.
In Section 3 we define a natural connectionD with totaly skew-symmetric torsion
on an almost contact manifold with B-metric and call it shortly a ϕKT-connection.
We determine the class of considered manifolds where D exists.
In Section 4 we characterize the corresponding curvature tensor K of D and
related curvature properties in the cases when K has the properties of the curva-
ture tensor R for the Levi-Civita connection ∇ on a F0-manifold (i.e. a manifold
with a ∇-parallel almost contact B-metric structure). We examine also the case
of D-parallel torsion of D. In Subsections 4.1 and 4.2 we consider separately the
horizontal and vertical components of this class and specialize the corresponding
curvature properties given in the former part of this section.
In Section 5 we construct and characterize a family of 5-dimensional Lie groups
as F7-manifolds with a D-parallel torsion of the ϕKT-connection D.
2. Almost contact manifolds with B-metric
Let (M,ϕ, ξ, η, g) be an almost contact manifold with B-metric or an almost
contact B-metric manifold, i.e. M is a (2n+1)-dimensional differentiable manifold
with an almost contact structure (ϕ, ξ, η) consisting of an endomorphism ϕ of the
tangent bundle, a vector field ξ, its dual 1-form η as well as M is equipped with a
pseudo-Riemannian metric g of signature (n, n+1), such that the following algebraic
relations are satisfied
(1)
ϕξ = 0, ϕ2 = −Id + η ⊗ ξ, η ◦ ϕ = 0, η(ξ) = 1,
g(ϕx, ϕy) = −g(x, y) + η(x)η(y)
for arbitrary x, y of the algebra X(M) on the smooth vector fields on M .
Further, x, y, z, w will stand for arbitrary elements of X(M).
The associated metric g˜ of g on M is defined by g˜(x, y) = g(x, ϕy) + η(x)η(y).
Both metrics are necessarily of signature (n, n+ 1). The manifold (M,ϕ, ξ, η, g˜) is
also an almost contact B-metric manifold.
The structural group of almost contact manifolds with B-metric is
(
GL(n,C) ∩
O(n, n)
)
× I1, i.e. it consists of real square matrices of order 2n+1 of the following
type 

A B ϑT
−B A ϑT
ϑ ϑ 1

 , AA
T −BBT = In,
ABT +BAT = On,
A,B ∈ GL(n;R),
where ϑ and its transpose ϑT are the zero row n-vector and the zero column n-
vector; In and On are the unit matrix and the zero matrix of size n, respectively.
A classification of the almost contact manifolds with B-metric is given in [7].
This classification is made with respect to the tensor field F of type (0,3) defined
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by
(2) F (x, y, z) = g
(
(∇xϕ) y, z
)
,
where ∇ is the Levi-Civita connection of g. The tensor F has the following prop-
erties
(3) F (x, y, z) = F (x, z, y) = F (x, ϕy, ϕz) + η(y)F (x, ξ, z) + η(z)F (x, y, ξ).
This classification includes eleven basic classes F1, F2, . . . , F11. In this work we
pay attention to F3 and F7. These basic classes are characterized by the conditions
F3 : S
x,y,z
F (x, y, z) = 0, F (ξ, y, z) = F (x, y, ξ) = 0;(4)
F7 : S
x,y,z
F (x, y, z) = 0, F (x, y, z) = −F (ϕx, ϕy, z)− F (ϕx, y, ϕz),(5)
where S denotes the cyclic sum over three arguments.
The special class F0, belonging to any other class Fi (i = 1, 2, . . . , 11), is deter-
mined by the condition F (x, y, z) = 0. Hence F0 is the class of almost contact B-
metric manifolds with ∇-parallel structures, i.e. ∇ϕ = ∇ξ = ∇η = ∇g = ∇g˜ = 0.
The components of the inverse matrix of g are denoted by gij with respect to
the basis {ei} of the tangent space TpM of M at an arbitrary point p ∈M .
By analogy with the square norm of ∇J for an almost complex structure J , we
define the square norm of ∇ϕ by
(6) ‖∇ϕ‖
2
= gijgksg
(
(∇eiϕ) ek,
(
∇ejϕ
)
es
)
.
It is clear, the equality ‖∇ϕ‖
2
= 0 is valid if (M,ϕ, ξ, η, g) is a F0-manifold, but
the inverse implication is not always true. An almost contact B-metric manifold
having a zero square norm of ∇ϕ we call an isotropic-F0-manifold.
As it is known [15], an arbitrary vector field ξ is Killing if the Lie differential
of the metric g with respect to ξ is zero. Then, the vector field ξ is Killing on
(M,ϕ, ξ, η, g) if and only if
(7) (∇xη) y + (∇yη) x = 0.
Lemma 1. The class F3 ⊕ F7 is the class of almost contact B-metric manifolds
(M,ϕ, ξ, η, g) with a Killing vector field ξ and a zero cyclic sum S of F .
Proof. Equation (7) and direct calculations yield the statement. 
The Nijenhuis tensor N of the structure is defined by N := [ϕ, ϕ]+dη⊗ξ, where
[ϕ, ϕ](x, y) = [ϕx, ϕy] + ϕ2 [x, y] − ϕ [ϕx, y] − ϕ [x, ϕy]. Hence, N in terms of the
covariant derivatives has the form
N(x, y) = (∇ϕxϕ) y − (∇ϕyϕ)x− ϕ (∇xϕ) y + ϕ (∇yϕ)x
+ (∇xη) y.ξ − (∇yη) x.ξ.
(8)
The Nijenhuis (0,3)-tensor is determined by N(x, y, z) = g (N(x, y), z). Then from
(8) and (2) we have
N(x, y, z) =F (ϕx, y, z)− F (ϕy, x, z)− F (x, y, ϕz) + F (y, x, ϕz)
+ F (x, ϕy, ξ)η(z)− F (y, ϕx, ξ)η(z).
(9)
In [16] there are considered the linear projectors h and v over TpM which split
(orthogonally and invariantly with respect to the structural group) any vector x into
a horizontal component h(x) = −ϕ2x and a vertical component v(x) = η(x)ξ. The
decomposition TpM = h(TpM)⊕ v(TpM) generates the corresponding distribution
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of the basic tensors F , which gives the horizontal component F3 and the vertical
component F7 of the class F3 ⊕ F7.
Moreover, for the considered classes we have the following
Lemma 2. The Nijenhuis tensor N on an almost contact B-metric manifold (M,
ϕ, ξ, η, g) has the corresponding form:
(i) If (M,ϕ, ξ, η, g) ∈ F3 ⊕ F7 then
N(x, y) = 2 (∇ϕxϕ) y − 2ϕ (∇xϕ) y + 2 (∇xη) y.ξ,
h(N(x, y)) = −2ϕ2 (∇ϕxϕ) y − 2ϕ (∇xϕ) y,
v(N(x, y)) = 4 (∇xη) y.ξ;
(ii) If (M,ϕ, ξ, η, g) ∈ F3, then
N(x, y) = h(N(x, y)) = 2 (∇ϕxϕ) y − 2ϕ (∇xϕ) y;
(iii) If (M,ϕ, ξ, η, g) ∈ F7, then
N(x, y) = v(N(x, y)) = 4 (∇xη) y.ξ.
Proof. The expression of N in (i) follows from (9) by virtue of equalities (2)–(7).
Hence, v(N(x, y)) = N(x, y, ξ)ξ = 2F (ϕx, y, ξ)ξ + 2 (∇xη) y.ξ = 4 (∇xη) y.ξ, using
that ξ is a Killing vector field. After that, since h(N(x, y)) = N(x, y)− v(N(x, y)),
we obtain the corresponding expression of h(N(x, y)).
In case (ii), according to (4), we have F (x, y, ξ) = 0 and therefore (∇xη) y = 0.
Then the form of N in (i) implies N(x, y) = 2 (∇ϕxϕ) y − 2ϕ (∇xϕ) y. In addition
to that, since v(N(x, y)) = 0, then h(N(x, y)) = N(x, y) holds.
In case (iii), we have F (x, y, z) = −F (ϕx, ϕy, z) − F (ϕx, y, ϕz) from (5). Ac-
cording to properties (3), we get F (x, y, z) = η(y)F (x, ξ, z) + η(z)F (x, y, ξ) and by
(2) the relation (∇xϕ) y = −η(y)ϕ∇xξ − (∇xη)ϕy.ξ holds. Applying the latter
equality in the expression of N in (i), we obtain that N(x, y) = 4 (∇xη) y.ξ. Then
the equality N(x, y) = v(N(x, y)) follows immediately. 
Let R = [∇,∇] − ∇[ , ] be the curvature tensor of type (1,3) of ∇. We denote
the curvature tensor of type (0, 4) R(x, y, z, w) = g(R(x, y)z, w) by the same letter.
The Ricci tensor ρ for the curvature tensor R and the scalar curvature τ for R are
defined by the traces ρ(y, z) = gijR(ei, y, z, ej) and τ = g
ijρ(ei, ej), respectively.
Similarly, the Ricci tensor and the scalar curvature are determined for each
curvature-like tensor L, i.e. for the (0,4)-tensor L with the following properties:
L(x, y, z, w) = −L(y, x, z, w) = −L(x, y, w, z),(10)
S
x,y,z
L(x, y, z, w) = 0 (the first Bianchi identity).(11)
A curvature-like tensor we call a ϕ-Ka¨hler-type tensor on (M,ϕ, ξ, η, g) if the
following identity is valid
(12) L(x, y, ϕz, ϕw) = −L(x, y, z, w).
This property is characteristic of the curvature tensor R on a F0-manifold. More-
over, (12) is similar to the corresponding property for a Ka¨hler-type tensor with
respect to J on an almost complex manifold with Norden metric.
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3. ϕKT-connection
Definition 1. A linear connection D is called a natural connection on the manifold
(M,ϕ, ξ, η, g) if the almost contact structure (ϕ, ξ, η) and the B-metric g are parallel
with respect to D, i.e. Dϕ = Dξ = Dη = Dg = 0.
If T is the torsion tensor of D, i.e. T (x, y) = Dxy − Dyx − [x, y], then the
corresponding tensor field of type (0,3) is determined by T (x, y, z) = g(T (x, y), z).
Let ∇ be the Levi-Civita connection generated by g. Then we denote
(13) Dxy = ∇xy +Q(x, y).
Furthermore, we use the denotation Q(x, y, z) = g (Q(x, y), z).
Theorem 3. The linear connection D is a natural connection on the manifold
(M,ϕ, ξ, η, g) if and only if
Q(x, y, ϕz)−Q(x, ϕy, z) = F (x, y, z),(14)
Q(x, y, z) = −Q(x, z, y).(15)
Proof. From (13) we have
g(Dxϕy, z) = g(∇xϕy, z) +Q(x, ϕy, z),
g(Dxy, ϕz) = g(∇xy, ϕz) +Q(x, y, ϕz).
Subtracting the last two equations we immediately obtain
g
(
(Dxϕ) y, z
)
= F (x, y, z) +Q(x, ϕy, z)−Q(x, y, ϕz).
Then Dϕ = 0 is equivalent to (14).
After that we get consecutively
(Dxg) (y, z) = xg(y, z)− g(Dxy, z)− g(y,Dxz) = −Q(x, y, z)−Q(x, z, y).
Therefore, Dg = 0 is valid if and only if (15) holds.
Equality (13) implies g(Dxξ, z) = g(∇xξ, z)+Q(x, ξ, z). Because of the identity
g(∇xξ, z) = F (x, ξ, ϕz),
we have that Dξ = 0 is equivalent to the relation F (x, ξ, ϕz) +Q(x, ξ, z) = 0. The
last equality is a consequence of (14).
Since η(·) = g(·, ξ), then supposing Dg = 0 we have Dξ = 0 if and only if
Dη = 0. 
Definition 2. A natural connection D is called a ϕKT-connection on the manifold
(M,ϕ, ξ, η, g) if the torsion tensor T of D is totally skew-symmetric, i.e. a 3-form.
For a ϕKT-connection D with torsion tensor T and tensor of deformation Q
from ∇ to D determined by (13) we have
(16) T (x, y, z) = 2Q(x, y, z).
Therefore, Q is also a 3-form.
Lemma 4. Let D be a ϕKT-connection on (M,ϕ, ξ, η, g). Then the torsion T of
D and the Nijenhuis tensor N on (M,ϕ, ξ, η, g) have the following relation
N(x, y, z) = T (x, y, z) + T (x, ϕy, ϕz) + T (ϕx, y, ϕz)− T (ϕx, ϕy, z).
Proof. The statement follows from (9), Theorem 3 and (16). 
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Proposition 5. If a ϕKT-connection exists on (M,ϕ, ξ, η, g) then ξ is a Killing
vector field and SF = 0, i.e. (M,ϕ, ξ, η, g) belongs to the class F3 ⊕ F7.
Proof. Let us assume that a ϕKT-connection D exists. Then, according to Theo-
rem 3, the conditions (14) and (15) are valid for Q = 12T . Taking the cyclic sum in
(14), because of (16), we obtain
F (x, y, z) + F (y, z, x) + F (z, x, y)
=
1
2
{T (x, y, ϕz) + T (y, z, ϕx) + T (z, x, ϕy)
−T (x, ϕy, z)− T (y, ϕz, x)− T (z, ϕx, y)} .
Since T is totally skew-symmetric therefore S
x,y,z
F (x, y, z) = 0.
Using (14) and (16) we obtain 2F (x, ϕy, ξ) = T (x, y, ξ) and since (∇xη) y =
F (x, ϕy, ξ) we have
(17) 2 (∇xη) y = T (x, y, ξ).
Then, bearing in mind (7), the statement T is a 3-form implies that ξ is Killing
and according to Lemma 1, the statement is true. 
Theorem 6. Let (M,ϕ, ξ, η, g) be in the class F3 ⊕ F7. Then there exists a ϕKT-
connection D determined by
g(Dxy, z) = g(∇xy, z) +
1
2
T (x, y, z),
where the torsion T is defined by
(18) T (x, y, z) = (η ∧ dη) (x, y, z) +
1
4
S
x,y,z
N(x, y, z)
or equivalently
(19) T (x, y, z) = −
1
2
S
x,y,z
{
F (x, y, ϕz)− 3η(x)F (y, ϕz, ξ)
}
.
Proof. Let us suppose that (M,ϕ, ξ, η, g) ∈ F3 ⊕ F7 (i.e. ξ is a Killing vector field
and SF = 0) and define a connection D with torsion T determined by (19).
We substitute ϕz for z in (19), apply properties (3)–(5) and obtain consequently
T (x, y, ϕz) = −
1
2
{
F (x, y, ϕ2z) + 3η(x)F (y, z, ξ)
+ F (y, ϕz, ϕx) + 3η(y)F (z, x, ξ) + F (ϕz, x, ϕy)
}
= −
1
2
{
− F (x, y, z) + 2η(x)F (y, z, ξ) + 2η(z)F (x, y, ξ)
+ F (y, z, x) + 3η(y)F (z, x, ξ) + F (ϕz, x, ϕy)
}
(20)
Analogously, from (19) we obtain the following
T (x, ϕy, z) = −
1
2
{
F (x, y, z) + 3η(x)F (y, z, ξ) + 2η(y)F (z, x, ξ)
+ F (ϕy, z, ϕx)− F (z, x, y) + 2η(z)F (x, y, ξ)
}(21)
Then we subtract (21) from (20) and applying (3)–(5) again, we get
(22) T (x, y, ϕz)− T (x, ϕy, z) = 2F (x, y, z).
Therefore (14) is valid for the connection D with property T = 2Q.
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Moreover, we form the expression T (x, y, z)+ T (x, z, y) using (19). By virtue of
the consequence F (y, ϕz, ξ) = −F (z, ϕy, ξ) of (7) and the symmetry of F by the
latter two arguments known from (3), we obtain
T (x, y, z) + T (x, z, y) =
1
2
S
x,y,z
F (ϕx, y, z).
According to (3) and because ξ is Killing, we have
T (x, y, z) + T (x, z, y) =
1
2
S
x,y,z
F (ϕx, ϕy, ϕz).
Since the cyclic sum of F over three arguments is zero for F3 ⊕ F7 then (15) is
valid and T is a 3-form. Moreover, according to Theorem 3, the connection D with
torsion T determined by (19) is natural for the almost contact B-metric structure.
Therefore D is a ϕKT-connection.
In addition to that, according to (17) and (7), for a ϕKT-connection we have
(23) dη(x, y) = 2 (∇xη) y = T (x, y, ξ) = 2F (x, ϕy, ξ).
Hence, the following equalities hold
(η ∧ dη)(x, y, z) = S
x,y,z
η(x)dη(y, z) = S
x,y,z
η(x)T (x, y, ξ)
= S
x,y,z
η(x)F (x, ϕy, ξ).
(24)
By virtue of the formula in Lemma 4, we obtain
S
x,y,z
N(x, y, z) = 3T (x, y, z) + T (x, ϕy, ϕz)
+ T (ϕx, y, ϕz) + T (ϕx, ϕy, z).
(25)
Using (22), (24), (25) and the totally skew-symmetry of T , we get the equivalence
of (18) and (19). 
Bearing in mind (2) and F (x, ϕy, ξ) = (∇xη) y = g (∇xξ, y), the torsion (0,3)-
field T of D, given in (19), has the following form of type (1,2)
T (x, y) =
1
2
{
2 (∇xϕ)ϕy − (∇yϕ)ϕx+ (∇ϕyϕ) x
+ 3η(x)∇yξ − 4η(y)∇xξ + 2 (∇xη) y.ξ
}
.
(26)
Formula (26) implies the following
Corollary 7. The ϕKT-connection D determined by (26) has the properties:
T (x, ϕy) = ϕT (x, y)− 2 (∇xϕ) y, T (ϕx, y) = ϕT (x, y) + 2 (∇yϕ)x.
Proof. The former equality is a consequence of (22). The latter one follows from
the former equality and the totally skew-symmetry of T . 
4. Curvature properties of the ϕKT-connection
The curvature tensor K for a linear connection D is determined as usual by
K(x, y)z = [Dx, Dy] z −D[x,y]z and K(x, y, z, w) = g (K(x, y)z, w).
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According to (13) and (15), the curvature tensor K of a connection D with the
condition Dg = 0 has the form
K(x, y, z, w) =R(x, y, z, w) + (DxQ) (y, z, w)− (DyQ) (x, z, w)
+ g (Q(y, z), Q(x,w))− g (Q(x, z), Q(y, w))
+Q (T (x, y), z, w) .
(27)
Using (27) and (16), we obtain the following known equality for a connection D
with totally skew-symmetric torsion T and a D-parallel metric g (cf. [6])
K(x, y, z, w) =R(x, y, z, w) +
1
2
(DxT ) (y, z, w)−
1
2
(DyT ) (x, z, w)
+
1
4
g (T (x, y), T (z, w)) +
1
4
S
x,y,z
{g (T (x, y), T (z, w))} .
(28)
Since the scalar curvatures of D and ∇ are determined by the equalities τD =
gijgksK(ei, ek, es, ej) and τ = g
ijgksR(ei, ek, es, ej), respectively, then relation (28)
implies
(29) τD = τ −
1
4
‖T ‖
2
,
where ‖T ‖
2
= gijgksg
(
T (ei, ek), T (ej, es)
)
.
Theorem 8. The curvature tensor K of a ϕKT-connection D on (M,ϕ, ξ, η, g) is
of ϕ-Ka¨hler type if and only if it has the form
K(x, y, z, w) = R(x, y, z, w) +
1
4
g (T (x, y), T (z, w))
−
1
12
S
x,y,z
{g (T (x, y), T (z, w))} .
(30)
Proof. Since K is a curvature tensor of a natural connection then property (12) is
valid for K. Hence, K becomes a ϕ-Ka¨hler-type tensor when SK = 0 is satisfied
additionally. The first Bianchi identity for a ϕKT-connection D with torsion T can
be written in the form
S
x,y,z
K(x, y, z, w) = S
x,y,z
(DxT ) (y, z, w) + S
x,y,z
{g (T (x, y), T (z, w))} ,
because of Dg = 0 and T is a 3-form. Then, K is of ϕ-Ka¨hler type if and only if
the following is valid
(31) S
x,y,z
(DxT ) (y, z, w) = − S
x,y,z
{g (T (x, y), T (z, w))} .
In this case, according to (28) and (31), K has the form
K(x, y, z, w) =R(x, y, z, w)−
1
2
(DzT ) (x, y, w)
−
1
4
g (T (y, z), T (x,w))−
1
4
g (T (z, x), T (y, w)) .
(32)
Hence, we change the positions of y and w in (32) and add the obtained equality
to the original form of (32). In the result we exchange z and w and subtract the
obtained equality from the original one. In such a way we get (30). 
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Let us consider the case when D has a D-parallel torsion tensor T . Then, using
(28), the curvature tensor K gets the following form
K(x, y, z, w) = R(x, y, z, w) +
1
4
g (T (x, y), T (z, w))
+
1
4
S
x,y,z
{g (T (x, y), T (z, w))} .
(33)
Theorem 9. Let a ϕKT-connection D have a D-parallel torsion tensor T on (M,
ϕ, ξ, η, g). Then the following conditions are equivalent:
(i) The curvature tensor K is a ϕ-Ka¨hler-type tensor and it has the form
(34) K(x, y, z, w) = R(x, y, z, w) +
1
4
g (T (x, y), T (z, w)) .
(ii) The torsion 3-form T is closed;
(iii) The following equality is valid
(35) S
x,y,z
{g (T (x, y), T (z, w))} = 0.
Proof. Bearing in mind (33) and (30), we get that (i) and (iii) are equivalent,
according to Theorem 8.
Since the torsion tensor T of a ϕKT-connection D is a 3-form, then the exterior
derivative of T has the expression
dT (x, y, z, w) = S
x,y,z
(DxT ) (y, z, w)− (DwT ) (x, y, z)
+ 2 S
x,y,z
{g (T (x, y), T (z, w))} .
dT (x, y, z, w) = S
x,y,z
(DxT ) (y, z, w)−(DwT ) (x, y, z)+2 S
x,y,z
{g (T (x, y), T (z, w))} .
If DT = 0 then dT (x, y, z, w) = 2 S
x,y,z
{g (T (x, y), T (z, w))} is valid. Therefore,
conditions (ii) and (iii) are equivalent. 
Proposition 10. Let (M,ϕ, ξ, η, g) be a manifold in F3 ⊕ F7 with a D-parallel
torsion tensor T and a curvature tensor K of ϕ-Ka¨hler type for the ϕKT-connection
D. The curvature tensor R has the following properties with respect to the structure:
R(x, y, ϕz, ϕw) =−R(x, y, z, w)−
1
4
g
(
T (x, y), T (z, w) + T (ϕz, ϕw)
)
,
R(x, y, z, ξ) =
1
2
g
(
T (x, y),∇zξ
)
,
where T is determined by (26).
Proof. Bearing in mind Theorem 9, we apply property (12) for K determined by
(34) and obtain the former equality in the statement. It implies the latter equality
since ϕξ = 0 and T (z, ξ) = −2∇zξ. 
Further, in the next two subsections, we consider curvature properties of the
ϕKT-connection D in the two special cases – on the horizontal component F3 and
on the vertical component F7 of the class F3 ⊕ F7, where D exists.
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4.1. Curvature properties of the ϕKT-connection on the horizontal com-
ponent F3. Since the horizontal restriction of any F3-manifold is an almost com-
plex manifold with Norden metric in the class W3 (also known as a quasi-Ka¨hler
manifold with Norden metric), then the curvature properties can be obtained in an
analogous way as in [20]. Besides, the curvature properties of a F3-manifold are
consequences of the corresponding properties for any manifold in F3 ⊕ F7, given in
the general part of Section 4.
Bearing in mind (26), the torsion of the ϕKT-connection D on a F3-manifold
has the form
(36) T (x, y) =
1
2
{
2 (∇xϕ)ϕy − (∇yϕ)ϕx+ (∇ϕyϕ) x
}
.
According to Theorem 8, the curvature tensor K of this connection on a F3-
manifold (M,ϕ, ξ, η, g) is of ϕ-Ka¨hler type if and only if K has the form in (30),
where T is determined by (36). Hence, by virtue of (29), (36) and (6), we get
immediately the following relation between the scalar curvatures for the ϕKT-
connection D and the Levi-Civita connection ∇:
τD = τ +
3
8
‖∇ϕ‖2 .
The following statement is a direct consequence of the latter equality.
Corollary 11. Let (M,ϕ, ξ, η, g) be a F3-manifold with a curvature tensor of ϕ-
Ka¨hler type for the ϕKT-connection D. Then (M,ϕ, ξ, η, g) is an isotropic-F0-
manifold if and only if the scalar curvatures for D and ∇ are equal.
According to Proposition 10 and Corollary 7, we obtain the following
Corollary 12. Let (M,ϕ, ξ, η, g) be a F3-manifold with a D-parallel torsion tensor
T and a curvature tensor K of ϕ-Ka¨hler type for the ϕKT-connection D. The
curvature tensor R has the following properties with respect to the structure:
R(x, y, z, ξ) = 0,
R(x, y, ϕz, ϕw) = −R(x, y, z, w) +
1
2
g
(
T (x, y), (∇ϕzϕ)w + (∇wϕ)ϕz
)
,
where T is determined by (36).
4.2. Curvature properties of the ϕKT-connection on the vertical compo-
nent F7. Now, we will pay attention on the other case when the manifold (M,ϕ,
ξ, η, g) belongs to the class F7, i.e. the manifold has the properties: a zero cyclic
sum of F , a Killing ξ and a nonzero ∇ξ (or the horizontal component of F is zero).
For such a manifold the torsion of the ϕKT-connection D has the form
(37) T (x, y) = 2 {η(x)∇yξ − η(y)∇xξ + (∇xη) y.ξ}
or
T (x, y, z) = (η ∧ dη) (x, y, z) = 2 S
x,y,z
{
η(x)F (y, ϕz, ξ)
}
.
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Using (28) and (37), by direct calculations we get the following form of K on a
F7-manifold:
K(x, y, z, w) =R(x, y, z, w) + 2 (∇xη) y (∇zη)w
+ (∇yη) z (∇xη)w + (∇zη)x (∇yη)w
− η(x)
{
(∇y∇zη)w − (∇y∇wη) z
}
+ η(y)
{
(∇x∇zη)w − (∇x∇wη) z
}
− η(z)
{
(∇x∇yη)w − (∇y∇xη)w + (∇y∇wη)x− (∇x∇wη) y
}
+ η(w)
{
(∇x∇yη) z − (∇y∇xη) z + (∇y∇zη)x− (∇x∇zη) y
}
− η(y)η(z)g (∇xξ,∇wξ) + η(x)η(z)g (∇yξ,∇wξ)
− η(x)η(w)g (∇yξ,∇zξ) + η(y)η(w)g (∇xξ,∇zξ) .
Since (M,ϕ, ξ, η, g) ∈ F7, because of
(∇xϕ) y = −g (∇xξ, ϕy) ξ − η(y)ϕ∇xξ,
we obtain the formula for the square norm of ∇ϕ as follows
(38) ‖∇ϕ‖2 = −2gijg
(
∇eiξ,∇ejξ
)
.
Equations (29), (37) and (38) yield the following relation between the scalar
curvatures for D and ∇:
τD = τ +
3
2
‖∇ϕ‖2 .
The last equality implies the following
Corollary 13. Let (M,ϕ, ξ, η, g) belong to F7. Then (M,ϕ, ξ, η, g) is an isotropic-
F0-manifold if and only if the scalar curvatures for D and ∇ are equal.
Proposition 14. The curvature tensor K of the ϕKT-connection D on a F7-ma-
nifold (M,ϕ, ξ, η, g) is of ϕ-Ka¨hler type if and only if it has the form
K(x, y, z, w) = R(x, y, z, w)
− η(y)η(z)g (∇xξ,∇wξ) + η(x)η(z)g (∇yξ,∇wξ)
− η(x)η(w)g (∇yξ,∇zξ) + η(y)η(w)g (∇xξ,∇zξ)
+
1
3
{2 (∇xη) y (∇zη)w − (∇yη) z (∇xη)w − (∇zη) x (∇yη)w} .
(39)
Proof. Bearing in mind (30) and (37), we obtain (39). 
We deduce from Proposition 14, using (38), the following relation between the
Ricci tensors for D and ∇ on (M,ϕ, ξ, η, g) ∈ F7 with curvature tensor of ϕ-Ka¨hler
type
ρD(y, z) = ρ(y, z)− 2g (∇yξ,∇zξ) +
1
2
η(y)η(z) ‖∇ϕ‖
2
.
Proposition 15. Let the ϕKT-connection D have a curvature tensor of ϕ-Ka¨hler
type on (M,ϕ, ξ, η, g) ∈ F7. The curvature tensor R of the Levi-Civita connection
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∇ has the following properties with respect to the structure:
R(x, y, ϕz, ϕw) =−R(x, y, z, w)
+ η(y)η(z)g (∇xξ,∇wξ)− η(x)η(z)g (∇yξ,∇wξ)
+ η(x)η(w)g (∇yξ,∇zξ)− η(y)η(w)g (∇xξ,∇zξ)
+
1
3
{
(∇xη) z (∇yη)w − (∇xη)w (∇yη) z
+ (∇xη)ϕz (∇yη)ϕw − (∇xη)ϕw (∇yη)ϕz
}
,
(40)
(41) R(x, y, z, ξ) = η(x)g (∇yξ,∇zξ)− η(y)g (∇xξ,∇zξ) .
Proof. Since Dϕ = 0 then K satisfies (12), i.e. K is a ϕ-Ka¨hler-type tensor. In
(39) we substitute ϕz for z and ϕw for w and add the obtained equality to (39).
Then we obtain (40), which gives the defect of property (12) for R. Property (41)
follows from (39) using K(x, y, z, ξ) = 0, because of Dξ = 0. 
Now, let us consider the ϕKT-connectionD with D-parallel torsion T , i.e. DT =
0, on almost contact B-metric manifolds (M,ϕ, ξ, η, g) in the class F7.
According to Theorem 9, (33) and (37), the following two statements hold.
Proposition 16. Let the ϕKT-connection D have a D-parallel torsion tensor T
on a F7-manifold (M,ϕ, ξ, η, g). Then the curvature tensor K has the form
K(x, y, z, w) = R(x, y, z, w)
− η(y)η(z)g (∇xξ,∇wξ) + η(x)η(z)g (∇yξ,∇wξ)
− η(x)η(w)g (∇yξ,∇zξ) + η(y)η(w)g (∇xξ,∇zξ)
+ 2 (∇xη) y (∇zη)w + (∇yη) z (∇xη)w + (∇zη) x (∇yη)w.
(42)
Proof. The equality (42) is a consequence of (33), (37) and the following calcula-
tions
g (T (x, y), T (z, w)) =4 {(∇xη) y (∇zη)w
− η(y)η(z)g (∇xξ,∇wξ) + η(x)η(z)g (∇yξ,∇wξ)
− η(x)η(w)g (∇yξ,∇zξ) + η(y)η(w)g (∇xξ,∇zξ)} ,
S
x,y,z
{g (T (x, y), T (z, w))} = 4 S
x,y,z
{(∇xη) y (∇zη)w}
=
1
2
(dη ∧ dη) (x, y, z, w).
(43)

Corollary 17. Let the ϕKT-connection D have a D-parallel torsion tensor T on
(M,ϕ, ξ, η, g) ∈ F7. If the curvature tensor of D is of ϕ-Ka¨hler type then
K(x, y, z, w) = R(x, y, z, w) + (∇xη) y (∇zη)w
− η(y)η(z)g (∇xξ,∇wξ) + η(x)η(z)g (∇yξ,∇wξ)
− η(x)η(w)g (∇yξ,∇zξ) + η(y)η(w)g (∇xξ,∇zξ) .
(44)
Proof. Expression (44) follows from (42), (43) and (35). 
The following statement is obtained from Proposition 10 using (37).
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Corollary 18. Let the ϕKT-connection D have a curvature tensor of ϕ-Ka¨hler type
and a D-parallel torsion tensor T on (M,ϕ, ξ, η, g) ∈ F7. The curvature tensor R
has property (41) and the following property:
R(x, y, ϕz, ϕw) =−R(x, y, z, w)
+ η(y)η(z)g (∇xξ,∇wξ)− η(x)η(z)g (∇yξ,∇wξ)
+ η(x)η(w)g (∇yξ,∇zξ)− η(y)η(w)g (∇xξ,∇zξ) .
5. A Lie group as a 5-dimensional F7-manifold
Let G be a 5-dimensional real connected Lie group and let g be its Lie algebra.
If {Ei} (i = 1, 2, . . . , 5) is a global basis of left-invariant vector fields of G, we define
an invariant almost contact structure (ϕ, ξ, η) and a left invariant B-metric g on G
as follows:
(45)
ϕE1 = E3, ϕE2 = E4, ϕE3 = −E1, ϕE4 = −E2, ϕE5 = 0;
ξ = E5; η(Ei) = 0 (i = 1, 2, 3, 4), η(E5) = 1;
g(E1, E1) =g(E2, E2) = −g(E3, E3) = −g(E4, E4) = g(E5, E5) = 1,
g(Ei, Ej) = 0, i 6= j, i, j ∈ {1, 2, 3, 4, 5}.
(46)
Thus, because of (1), the induced 5-dimensional manifold (G,ϕ, ξ, η, g) is an
almost contact B-metric manifold.
By analogy with the non-Abelian almost complex structure on an even-dimensio-
nal Lie group we introduce the following notion. An almost contact structure on
a Lie group G is called non-Abelian if the following property holds with respect to
the Lie algebra g
(47) [ϕX,ϕY ] = −[X,Y ].
Obviously, the last equation implies [ξ, Y ] = 0 which is a sufficient condition the
vector field ξ to be Killing with respect to g.
Proposition 19. Let (G,ϕ, ξ, η, g) be an almost contact B-metric manifold with a
non-Abelian almost contact structure on the Lie group G. Then the manifold (G,
ϕ, ξ, η, g) belongs to the class F3 ⊕ F7.
Proof. The known property of the Levi-Civita connection ∇ of g on (G,ϕ, ξ, η, g)
(48) 2g(∇XY, Z) = g([X,Y ], Z) + g([Z,X ], Y ) + g([Z, Y ], X)
and the equivalent condition [ϕX, Y ] = [X,ϕY ] of (47) imply
(49) 2F (X,Y, Z) = g
(
[X,ϕY ]− ϕ[X,Y ], Z
)
+ g
(
[X,ϕZ]− ϕ[X,Z], Y
)
.
Therefore, using (47), we obtain
S
x,y,z
F (X,Y, Z) = S
x,y,z
g
(
[X,ϕY ]− [ϕX, Y ], Z
)
= 0.
Hence and since ξ is Killing, because of (47), we establish that (G,ϕ, ξ, η, g) belongs
to F3 ⊕ F7. 
Corollary 20. Let (G,ϕ, ξ, η, g) be an almost contact B-metric manifold with non-
Abelian almost contact structure on the Lie group G. Then the necessary and
sufficient conditions (G,ϕ, ξ, η, g) to belong to the component classes of F3⊕F7 are
respectively:
F3 : η ([X,Y ]) = 0; F7 : ϕ[ϕX, Y ] = ϕ
2[X,Y ]; F0 : [X,Y ] = −ϕ[ϕX, Y ].
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Proof. From Proposition 19 and (49), using (4), (5) and F0 = F3 ∩ F7, we obtain
the above conditions. 
Now, let us consider the Lie algebra g on G, determined by the following non-zero
commutators:
[E1, E2] = −[E3, E4] = −λ1E1 − λ2E2 + λ3E3 + λ4E4 + 2µ1E5,
[E1, E4] = −[E2, E3] = −λ3E1 − λ4E2 − λ1E3 − λ2E4 + 2µ2E5,
(50)
where λi, µj ∈ R (i = 1, 2, 3, 4; j = 1, 2).
Then we prove the following
Theorem 21. Let (G,ϕ, ξ, η, g) be the almost contact B-metric manifold, deter-
mined by (45), (46) and (50). Then it belongs to the class F7.
Proof. We check directly that the commutators in (50) satisfy the condition for F7
from Corollary 20. Therefore, we establish that the corresponding manifold (G,ϕ,
ξ, η, g) belongs to the class F7. It is not a F0-manifold if and only if µ
2
1 + µ
2
2 6= 0
holds. 
Using (48) and (50), we obtain the components of the Levi-Civita connection on
the manifold:
(51)
∇E1E1 = −∇E3E3 = λ1E2 − λ3E4,
∇E1E2 = −∇E3E4 = −λ1E1 + λ3E3 + µ1E5,
∇E1E3 = ∇E3E1 = λ3E2 + λ1E4,
∇E1E4 = ∇E3E2 = −λ3E1 − λ1E3 + µ2E5,
∇E2E1 = −∇E4E3 = λ2E2 − λ4E4 − µ1E5,
∇E2E2 = −∇E4E4 = −λ2E1 + λ4E3,
∇E2E3 = ∇E4E1 = λ4E2 + λ2E4 − µ2E5,
∇E2E4 = ∇E4E2 = −λ4E1 − λ2E3,
∇E1E5 = ∇E5E1 = −µ1E2 + µ2E4,
∇E2E5 = ∇E5E2 = µ1E1 − µ2E3,
∇E3E5 = ∇E5E3 = −µ2E2 − µ1E4,
∇E4E5 = ∇E5E4 = µ2E1 + µ1E3,
∇E5E5 = 0.
Let us consider the ϕKT-connection D on (G,ϕ, ξ, η, g) defined by (13), (16) and
(37). Then, by (51) we compute its components as follows:
(52)
DE1E1 = −DE3E3 = λ1E2 − λ3E4, DE1E2 = −DE3E4 = −λ1E1 + λ3E3,
DE1E3 = DE3E1 = λ3E2 + λ1E4, DE1E4 = DE3E2 = −λ3E1 − λ1E3,
DE2E1 = −DE4E3 = λ2E2 − λ4E4, DE2E2 = −DE4E4 = −λ2E1 + λ4E3,
DE2E3 = DE4E1 = λ4E2 + λ2E4, DE2E4 = DE4E2 = −λ4E1 − λ2E3,
DE5E1 = −2µ1E2 + 2µ2E4, DE5E2 = 2µ1E1 − 2µ2E3,
DE5E3 = −2µ2E2 − 2µ1E4, DE5E4 = 2µ2E1 + 2µ1E3,
DEiE5 = 0, (i = 1, 2, 3, 4, 5).
The basic non-zero components of the torsion of D are only:
T (E1, E2, E5) = T (E3, E4, E5) = 2µ1,
T (E2, E3, E5) = T (E4, E1, E5) = 2µ2.
Hence, using (52), we obtain that the corresponding components of the covariant
derivative of T with respect to D are zero. Thus, we prove the following
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Proposition 22. The ϕKT-connection D with components (52) on the F7-manifold
(G,ϕ, ξ, η, g) has a D-parallel torsion T .
According to (46) and (51), the curvature tensor R has the following non-zero
components Rijkl = R(Ei, Ej , Ek, El):
R1212 = R3434 =
(
λ21 + λ
2
2 − λ
2
3 − λ
2
4
)
+ 3µ21,
R1234 = R3412 = −
(
λ21 + λ
2
2 − λ
2
3 − λ
2
4
)
− 2µ21 + µ
2
2,
R1414 = R2323 = −
(
λ21 + λ
2
2 − λ
2
3 − λ
2
4
)
+ 3µ22,
R1423 = R2314 =
(
λ21 + λ
2
2 − λ
2
3 − λ
2
4
)
+ µ21 − 2µ
2
2,
R1214 = −R1223 = −R2312 = R2334 = R1412 = −R1434
= −R3414 = R3423 = 2 (λ1λ3 + λ2λ4) + 3µ1µ2,
R1324 = R2413 = −
(
µ21 + µ
2
2
)
, R1535 = R2545 = −2µ1µ2,
R1515 = R2525 = −R3535 = −R4545 = −µ
2
1 + µ
2
2,
(53)
and the remaining ones are determined by (53) and properties (10) and (11).
Next we obtain the following basic components Kijkl = K(Ei, Ej , Ek, El) of the
curvature tensor K of D, using (52):
K1212 = −K1234 = −K3412 = K3434 =
(
λ21 + λ
2
2 − λ
2
3 − λ
2
4
)
+ 4µ21,
K1414 = −K1423 = −K2314 = K2323 = −
(
λ21 + λ
2
2 − λ
2
3 − λ
2
4
)
+ 4µ22,
K1214 = −K1223 = −K2312 = K2334 = K1412 = −K1434
= −K3414 = K3423 = 2 (λ1λ3 + λ2λ4) + 4µ1µ2.
(54)
Hence, we establish immediately that K is a ϕ-Ka¨hler-type curvature tensor if
and only if µ1 = µ2 = 0, which is equivalent to the trivial case when (G,ϕ, ξ, η, g)
is a F0-manifold. Bearing in mind Theorem 9, we establish that (G,ϕ, ξ, η, g) has
a weak ϕKT-structure (i.e. dT 6= 0).
Using (53) and (54), we compute the corresponding components of the Ricci
tensor ρ and ρD and the values of the scalar curvatures τ and τD for the connections
∇ and D, respectively:
ρ11 = ρ22 = −ρ33 = −ρ44 = −2(λ
2
1 + λ
2
2 − λ
2
3 − λ
2
4)− 2(µ
2
1 − µ
2
2),
ρ13 = ρ24 = −4 (λ1λ3 + λ2λ4)− 4µ1µ2, ρ55 = 4(µ
2
1 − µ
2
2),
ρD11 = ρ
D
22 = −ρ
D
33 = −ρ
D
44 = −2(λ
2
1 + λ
2
2 − λ
2
3 − λ
2
4)− 4(µ
2
1 − µ
2
2),
ρD13 = ρ
D
24 = −4 (λ1λ3 + λ2λ4)− 8µ1µ2;
(55)
τ = −8(λ21 + λ
2
2 − λ
2
3 − λ
2
4)− 4(µ
2
1 − µ
2
2),
τD = −8(λ21 + λ
2
2 − λ
2
3 − λ
2
4)− 16(µ
2
1 − µ
2
2).
Bearing in mind the value of the square norm of ∇ϕ on (G,ϕ, ξ, η, g)
‖∇ϕ‖2 = −8
(
µ21 − µ
2
2
)
,
we obtain that the constructed manifold is an isotropic-F0-manifold if and only if
µ1 = ±µ2.
Finally, we summarize the latter characteristics in the following
16 MANCHO MANEV
Proposition 23. Let (G,ϕ, ξ, η, g) be the F7-manifold determined by (45), (46)
and (50) and D be the ϕKT-connection defined by (37). The following conditions
are equivalent:
(i) The manifold (G,ϕ, ξ, η, g) is an isotropic-F0-manifold;
(ii) The scalar curvatures for ∇ and D are equal;
(iii) The vectors ∇Eiξ (i = 1, 2, 3, 4) are isotropic;
(iv) The equality µ1 = ±µ2 is valid.
According to (46) and (55) we obtain
Proposition 24. The F7-manifold (G,ϕ, ξ, η, g), determined by (45), (46) and
(50), is Einsteinian if and only if the following conditions are valid
µ1µ2 = − (λ1λ3 + λ2λ4) , µ
2
1 − µ
2
2 = −
1
3
(λ21 + λ
2
2 − λ
2
3 − λ
2
4).
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